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Case Study: Product Quantization in Digital Filter
Realizations

Patrick O’Keefe, Student Member, IEEE

Abstract—Gain structures in digital filters are a source of
product quantization noise due to finite wordlength. With certain
assumptions, this gain structure’s noise can be modeled as a
white noise source. This paper seeks to explore the effects of
product quantization in the HVXC Decoder for the MPEG-4
Audio3 standard. The filter of interest is a fourth order high pass
component in the post-processing stage of the decoder. Also, a
scaling strategy will be employed to mitigate the effect of the
quantization noise to reduce, if not completely eliminate, the
chance of register overflow.
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I. INTRODUCTION

IGITAL filters are always subject to finite wordlength

issues. Quantized coefficients can cause a pole that is
very near to the unit circle to exceed that boundary, causing the
filter to become unstable. Product quantization is another issue
that arises. The coefficients of a digital filter are effectively
gain structures for the signal path through which additional
noise is accumulated. When two signals of length b bits are
multiplied together, they can produce a result of length 2b
bits. In order to keep a uniform bit length throughout the
registers, truncation or rounding must be employed. Under
certain conditions, this noise can be modeled as a white
noise source with a magnitude dependent on the quantization
resolution. Obviously, this additional noise has negative effects
on the signal to noise ratio (SNR) of the system. This noise
can easily cause the dynamic range of a finite length filter to
be exceeded, in which case overflow occurs. [2]

Scaling is a technique that is used to prevent overflow. When
scaled properly, a digital filter will avoid overflow even with
the added noise from product quantization while maintaining
a relatively high SNR. If a filter is over-scaled, the frequency
response of the filter approaches the noise floor which directly
reduces the filter’s SNR.

This paper analyzes a high pass filter from the MPEG-4
Audio3 standard [3]-[5]. The standard uses Harmonic Vector
eXcitation Coding (HVXC) to achieve very low bit rates,
particularly for speech signals. Our high pass filter of interest
is one of the many filters that are contained within the HVXC,
and it is used to eliminate unnecessary low frequencies. After
introducing the filter, we will discuss the theory and effects
of product quantization. To reduce or eliminate the chance of
overflow, an appropriate scaling strategy will be developed that
compensates for the product quantization.
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II. THE HVXC DECODER

The HVXC Decoder contains a fourth order high pass
filter that removes unnecessary low frequencies in the post-
processing stage of the MPEG-4 Audio3 standard. The filter
structure will be analyzed along with its performance in
“infinite” wordlength conditions.

A. Filter Structure

As mentioned above, filters are sensitive to coefficient
quantization under finite wordlength restrictions. A common
way to reduce this sensitivity is to break up the filter into
several cascaded second-order sections known as bi-quad
sections. [1] These bi-quad sections independently realize their
pole/zero pairs without disturbing any other sections. This
results in a reduction in the propagation of quantization errors.
A particular way of realizing a bi-quad section is known as
Direct Form II and is represented by (1).
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Direct Form II implementations are characterized by having
the same number of delays as the order of the filter. A signal
flow graph of one bi-quad section is shown in Figure 1.
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Fig. 1. Direct Form II Implementation of a second-order IIR

The fourth order high pass filter from the HVXC Decoder is
given as two cascaded bi-quad sections implemented in Direct
Form II as shown in (2) where the coefficients for the filter
are given in Table I. This cascaded form is convenient because
we would like to focus on the product quantization error and
not the coefficient sensitivity.
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TABLE I
HVXC COEFFICIENTS

Coefficient ~ Value

Kppr +1.100000000000000
atrl -1.998066423746901
al2 +1.000000000000000
b11 -1.962822436245804
bi2 +0.9684991816600951
as1 -1.999633313803449
a2 +0.9999999999999999
ba1 -1.858097918647416
bao +0.8654599838007603

B. Filter Performance

Because MATLAB uses double-precision floating point val-
ues, we can assume that our initial analysis of the filter is using
“infinite” wordlength. The magnitude and phase response of
the filter can be seen in Figure 2 and the pole-zero plot is
shown in Figure 3. The axes are adjusted to show the relevant
information. Note that the the passband magnitude is slightly
above 0 dB in Figure 2a. This can be attributed to the K pr
term before the cascaded stages and will be taken into account
when developing a scaling strategy.
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Fig. 2. (a) Magnitude and (b) Phase response of the fourth order high pass
filter from the HVXC Decoder
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Fig. 3. Pole-Zero plot of the fourth order high pass filter

ITII. PRODUCT QUANTIZATION EFFECTS

As mentioned above, truncation or rounding must be em-
ployed after multiplication to maintain a uniform bit length.
This introduces quantization noise into the system. If the
quantization level ¢ is small and the signal moves between
several quantization levels from sample to sample, we can
assume that the noise introduced can be modeled as a white
noise source. [2] Note that ¢ = 275 where B is the number of
bits used. Let us focus our discussion sign magnitude rounding
(SMR) because of its zero mean. The following holds for SMR
processes:
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The fact that the sources are uncorrelated means that they
can be summed to a common node. Our high pass filter of
interest contains nine coefficients for multiplication. However,
notice that in our first bi-quad section coefficient a5 is one.
This means that we have three gain structures in the first bi-
quad, four in the second, and one before either section. The
covariance of a noise source is a function of the number of
zero multipliers, M, and the number of pole multipliers, N
and is given by (4).

2
age:(M+N+1)(11—2 @)
Therefore, for 8-bit fixed point SMR, our first bi-quad has

o2, = 5.0863 x 107! and our second bi-quad has o2, =
6.3578 x 10~ 1. When these noise sources are added into the
signal path, a new magnitude spectrum arises and can be seen
in Figure 4.

With fewer bits, product quantization is more severe and

the signal to noise ratio is even worse. In the next section,
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Fig. 4. Magnitude spectrum of fourth order high pass filter with 8-bit product
quantization noise

a scaling strategy will be developed to compensate for this
noise.

IV. SCALING

Scaling is the attenuation of a signal before it enters a stage
or filter. An efficient method of scaling that utilizes norms is
referred to as L, Scaling. [1] To understand L, Scaling, it is
important to know what is meant by a norm. The L,, norm of
a transfer function H(w) is given by (5). [2]
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It can be shown that the L., norm is the maximum value
of the transfer function as in (7).
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Given the maximum input, wum., and overflow bound,
Mverfiow @ scaling factor of A is necessary to remain bounded.
This relationship is given by the following. [2]
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This indeed works, but the problem of scaling is compli-
cated when cascading sections. The scale factor A\ can be
placed at the beginning of the sections, but this has a negative
effect on the SNR at the filter output. The scale factor can be
placed at the end, but then there is a risk of overflow in the
initial stages. Therefore, one solution to lessen either effect is
to distribute the scaling parameter A at each cascaded section.
[2] In a filter with L cascaded sections, we need to find the
scaling factors Kj where k£ = 1,2 3.....L. Using (8) as a
guide, we can choose our distrubted scaling factors such that
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In this case, both Myyerfiow and umax are defined to be one.
The scaling factors need to be assigned to the sections in order
of most sensitive to product quantization to least sensitive. Our
first section is the most sensitive, so its scaling parameter will
simply take the inverse of the norm for the Direct Form II
transfer function. Typically, either Ly or Lo, norms are used.
Using the L, norm guarantees that there will be no chance of
overflow at the expense of SNR. Using the Lo norm reduces
the chance of overflow without guaranteeing its occurance,
but it yields a higer SNR. Here, the L., norm is employed
to minimize overflow and also to compensate for the Kyprp
scaling inherent in the filter design that occurs before either
stage. The result of the new scaling strategy can be seen in
Figure 5. It is apparent that the SNR is lower than in Figure
4, but the passband magnitude has been reduced. Therefore,
the chance of overflow has also been reduced.
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Fig. 5. Magnitude spectrum of fourth order high pass filter with 8-bit product
quantization noise and a scaling strategy based upon the Lo, norm

V. CONCLUSION

Product quantization effects can cause register overflow, and
therefore need to be compensated with a scaling strategy. The
benefits of using L., norm scaling constants was shown above
on the fourth order high pass filter in the post-processing stage
of the HVXC Decoder in the MPEG-4 Audio3 standard.
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